Abstract. A class of metrics with isometry group SO(2, 1) × SO(2) × ℜ is derived. Gödel solution belongs to it , and is the only case corresponding to the stress-energy tensor of a perfect fluid.
Introduction
Gödel metric [1] was the first exact solution of Einstein field equations to contain closed time curves . The metric tensor can be expressed in the following form : where −∞ < t < ∞ ,−∞ < y < ∞, 0 ≤ r < ∞ ,0 ≤ φ ≤ 2π , φ = 0 being identified to φ = 2π . This metric solves Einstein equations with negative cosmological constant and a pressureless perfect fluid of constant energy density
In this coordinate system the Ricci tensor is :
and the perfect fluid four velocity is
The Ricci scalar is R = 1 A 2 . In this paper attention will be focused on the non-trivial part of the metric dσ 2 .
Construction of the metric tensor
Given a matrix representation M of a continuous group G , is possible to define a metric tensor dσ 2 left and right invariant under the action of G :
Inserting a matrix H between dM and M −1 we obtain a new tensor :
which is still left invariant,but not right invariant. In fact under right multiplication by an element g ∈ G it will transform in the following way :
The right invariance is broken to the subgroup L ⊆ G whose elements g ∈ L commute with H , i.e. [H, g] = 0 . In the case of the Gödel solution, there are [3] four Killing vectors which obey to the so(2, 1) × so(2) algebra. Using the fact that SO(2) is a subgroup of SO(2, 1) is possible to construct a class of metric tensors with isometry group SO(2, 1) × SO(2) .
Choice of the matrix H and of the representation of SO(2,1)
Because of the isomorphism between SO(2, 1) and SL(2, ℜ) the following matrix representation can be used :
) cosh(r) cos(
The matrix H has to be chosen so that it commutes with the SO(2) subgroup of SO(2, 1). The most general 2 × 2 matrix which satisfies this condition is
with a, b complex numbers. Substituting in (1) and defining the variable φ = (t + u)/ √ 2 we obtain:
which can be expressed in this form :
The Gödel solution corresponds to :
This class of metrics corresponds to the space S 0 which Gödel introduces [2] , obtained by stretching in the direction of a system of time-like Clifford parallels the metric of a space of constant positive curvature and signature (+-). In order to have a Lorentzian signature the following conditions are necessary :
corresponding to the two cases:
The corresponding Ricci tensor is :
The Einstein tensor is :
The Ricci scalar is R = 2 − k A 2 . As observed by Gödel, these metrics don't solve Einstein equations with a perfect fluid unless k = 1. In fact from the structure of R µν it is clear that u 3 = u 4 = 0 and : G µν = T µν + Λg µν ⇒ R µν = ρu µ u ν + (λ + R 2 + P )g µν = ρu µ u ν + P ′ g µν so that :
R 44 = 0 = g 44 P ′ ⇒ P ′ = 0 ⇒ R 33 = g 33 P ′ = 0 = 4k − 4 ⇒ k = 1.
Closed timelike curves occur for k > 1 2 , r > ln
